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B asic Ideas

D efinitions

PA) probability ofeventA happening
(equivalently : probability of statem entA being true)

P@A B) probability ofeventsA and B happening
(equivalently : probability of statem ents A and B both being true)

P@A B) probability ofeventA happening,given thateventB hashappened
(equivalently : probability of statem entA being true, given thatB is true)
(note: if A and B are independent, PA B)=P@A )P®B))

Fundam entalR elation

P@AB)=PAB)PB)=PBR)P@A)

B ayes T heorem

P (A P (B
PBR)= TERSE



E xam ple ofBayes’ T heoram

DNA Evidence
Statem entA : DNA m atches
Statem entB : D efendant is quilty
SupposeP A )= 107
— Note thatthis isnotthe sam e as the probability of a false positive — see later
Tfw orld population 5x10°,have P(B )= 2 x 10%% a priori
A ssum e that if quilty, then DNA m atches, ie.PA B)=1

P@) 107

So why is DNA evidence considered to be so strong?

P (B)=2x10%° assum es arrestw asm ade only on basisof DNA evidence and no other
evidence exists! O therw ise P (B )>> 2 x 1070 (butdifficult to quantify)

Prior knowledge can be important!

Question: the equation above suggests that P(B|A) could be > 1!
Can this happen? What would it mean? (Well come back to this in a minute)



M oreBasics: The N egation of A Statem entand TtsU ses

D efnitions:

P (A ) : Probability of eventhappening
P (~A ): Probability of eventnothappening

Fundam entalR elation :

PA)+P(A)=1

Exam ple:

W hat's the probability P (catch ) thata dw arf nova should be found at leastonce .n emuption in N
observing epochs (assum e gpoch spacing >> outburst recunrence tim €)?

A ssum e dw arf novae spent30% of their life n emuption (and 70% n quiescence), ie.
P=03
P,=1-P.,=07
N egation of P (catch) is P (m iss), the probability of being quiescent n allN epochs
P (m iss) = P (~catch) = P [
So probability of catching DN is
P(catch)= 1 -P(~catch)= 1—Pmiss)= 1 -P "



The Exam ple of Bayes’ Theorem revisied

Let’s return to Bayes’ theorem and check ifP (B A ) could ever be > 1.To do this, kt's take a closer ook atthe priors:

StatementA : DNA m atches
Statem entB : D efendant is guilty

Firstoonsider a sin ple (butsensble) prior forB
- suppose the defendant is one of N pop people w ho are equally likely suspects in the absence of DNA evidence
— P@®)=1N_pop

Now considerthe prioronP @ ),
- DNA willm atch ifeither
(1) quilty and testw orked OK
(ii) Innocentand testproduced a false positive
— SoP@A)=PAB)*P@)+PQA[|B)*P(-B)

W ealready know PB )andP(-B)=1—P@B).
SoweonlyneedP@ B)andP@A }B)
— Let's assum e the testnever gives false negatives, ie. if quilty, there w illalw ays be am atch
P@ B)=1 (in practice itonly m atters that this propability be clse to unity)
- The probability of a false positive is
PA}B)=P_fp

W e then have
— P@)=1x1N_pop+ [P_fx (1-1AN_pop)]
- ForN _pop>> 1,thisis
P@A)=1N pop+P

Bayes’ Theoram said thatprobability of guiltgiven DNA match was
- P@BPR)=PAB)PE)/PA)

So we finally have
— P@BA)= (1N_pop) /(AN _pop+P_fp)=1/(1+N_pop *P_1p)
— N ote that this varies exactly betw een zero and one in the sortofw ay you'd expect:
P@BR)issnallifN pop large
—  Guiltis Jess likely if there are Jots of a priori equally likely suspects
PBR)issnallifP fp large
—  Guiltis Jess likely if testproduces Jots of false positives



Probability D istribution Functions

A continuous random variable x is sald o be distributed according o the probability distribution
function p (x) if the probability of finding the variable betw een x and x+dx isp(x) dx

— Contnuous PD F's are probability density fiinctions (probability perunit “length”)
— PDFsshould (usually) be nom alized:

XRax
px)dx =1

Xm in

A discrete random variable n is said 1 be distributed to the probability distribution function p(n)
if the probability of observing exactly n is given by p(n)

— N om alization condition fordiscrete distributions is:

nPax
pn)=1

N in

— Tt's som etim es usefil to approxin ate discrete distributions p (n ) by continuous ones p (x)

nPa nPa n:Ra

xp(x)dx= 1

Nm in

“p)=

Nm in N i

: pn)en '

— Thepomntisnotto sim ply replace discrete n w ith continuous x (w hile keeping fiinctional form ), butto
replace a “difficult” p(n) w ith a sin plerp(x) (€g.a G aussian; see later)
— To rooveran estim ate of the discrete p(n) fiom a continuous approxin ation p (x ), can use sth like

n4R0 S5
pmn) "' p(x)dx

ni0:5



T ransform mgPDF's

How dowegetfrom onePDF to another? Ie.ifp(x) isPDF ofx,what
isthePDF ofy = f(x)?

K ey pomtis thatprobability n Intervalx  x + dx m ustbe conserved
n the conesponding mtervaly y+dy

So wem usthave

PY) By|=p) Ex|
where y=yX)andy + dy = y(xX + dx)

p(y) and p (x) m usttherefore be related via

p(y)= ByAxf px)



C um ulative D istribution Functions

Forany PDF p(x), can define a cum ulative distribution function P (x), w hich gives the
probability thatthe random variable takes a value less than x

P(x)= | p(x)dx’

CD F's have useful properties:

1. monotonically increasing

2. awayshaveP(x ;) =0andP(x ) =1

3. therandom variabley = P (x) is itself distributed uniform Iy between 0 and 1:

py)= |dyAx ' p(x)= |dP x)bx [* p(x)=pE)' px)=1
The lastproperty m eansw e can use CD F's 1o constimict pseudo-random num bers

distributed according to any PD F by draw ing uniform ly distributed num bers betw een 0
and 1 and finding the conesponding x values from P (x)



M ean and V arianceofa PDF

- Two key pmopertiesofaPDF are

— M ean:am easure of central tendency

m= X]‘axx p(X)dx

Xm in

— V adance: am easure of the dispersion around them ean

s? = | (x-m) p(x) ax

% = %4 = standard deviation



E xpectation V alies

If f(x) is a function of the random variablk x and the PDF of x isgiven
by p(x), then the expectation value of that finction is defined as
RX
< f>= 77 fR)pE)dx

Xm in

So them ean is justthe expectation value of x

1 =K X >

A nd the varance is the expectation value of the square of the
deviations from them ean

— Usefulfomulas

N

A AN AN ANA

xi 1)y >

x% i 21x+ 12>
x2> 121 < x> +12
x%> j212 7 12
%2> i 12

N

“Variance = Mean of Squares - Square of Mean”
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Exam ples of PD F's: G aussian D istribution

G aussian (orN om al) D istribution is given by

P (x)=

1 e 1
wh2p P13

Gansgian Distribution with g= 0 snd % = 1

04 f

1§ n¥%
E n=1 68.3%
; n=2: 954%
I ] n=23 99.7%

o o
" Y

=
b

=]

Common shorthand for Gaussian
with mean P and variance s?:




Standard Formm ofthe N omm alD istribution

The G aussian D istribution w ith zero m ean and unitvarance, G (0,1), is called
the “Standard N om alD istribution”

This is usefiill because any nom aldistribution can be transform ed mto
standard form by a change of variables (and vice versa)

— Suppose you have a random variable x that is distributed according to G (u ,s2)

— Then the random variable z= (x —u )/ is distributed according o the standard norm al
distrbution, G (0,1).

— Thverting this, if z is distributed according to standard nom al, then x = u + zs isdistributed
according © G (u s2)

— Sono need to store orcalculate any G aussian distributions or Iook-up tables except for the
standard nomm alone!



W hvy isthe G aussian D istribution so Im portant?

CentralL m itTheorem (aka “Law ofLarge N um bers”)

— ConsiderN ndependentrandom variables, x drawn from
arbitrary parentdistributionsw ith m eans i ; and variances s .The
sum ,X ,ofthese random variables is itselfa random variable,and
asN oo,thePDF ofX willtend to a G aussian distribution w ith
mean Nu; and variance N s?.

P
X = L.x! G@ ;N%?)

— This resultis hugely in portant! It's the reason G aussians pop up
alloverthe place.

— Forexam ple, observational enors are often due to Iotsof an all,
separate effects

- TheCLT saysw e should then expectthe overall errors t© have
G aussian distributions!
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Exam ples of PD Fs: The Poisson D istribution

The Poisson distribution w ith m ean u is given by

1n i1

Pn)= ——

D escribes probability of seeing n “counts” if m ean “countrate” isu

The Poisson distribution isadiscrete PD F
— nisrestricted to ntegervalues

V ery In portant in astronom y
— eg.num berof photons hitting a detector should obey Poisson distribution

V ariance of Poisson distrbution iss? = u (and standard deviation s = )

— Example:obsarve 100 counts in an in age; can in m ediately estin ate thatenoron this num ber is

mughly 10
— Bewarofthe ow countlin it
Suppose w e observe zero counts In som e interval; is the enoron this zero?
NO : the varance is equal to the expected num berof counts (notthe observed num ber)

Need o be carefil: teking s = N iswrong in the Jow countlin itand can lead o seriously incorrect (biassed)

estin ates!



The Poisson D istribution (contd)

Mean = 1 Mean = 4 Mean = 30
0.40, 0.20 - (.08 .

ppool . 0 0.00 ] 0.00 ]

W A O I I I I "-..E!-. A I‘aﬁl I",l_,'ﬁ-l I"LEII I,:.'Ql' '

As U increases, the Poisson distribution tends to the
Gaussian distribution G(u,u)



Exam ples of PDFs: The ¢? D istribution

Letz; be a setof standard nom alrandom variables; then

is distributed according to a ¢? distrbution w ith N degrees of freedom

W on"tbotherw riting the distribution dow n explicitly, because
— it'sfairly com plicated (it's a special case of the class of gam m a-distribution and includes a gam m a~function)
— one mrely needs the full distribution, but rather critical values conesponding to som e particular significance level, so one
can generally jistuse Jook-up tables orpublic softw are

M ean of ¢? distribbution isN , variance is 2N

Exam ple: you w antto test if a setof z; are consistentw ith being standard norm al random
variables

— Cakulate the corresponding value of c?

— Look up criticalvalue c?_, defined by P (c?;) = 095 (say); note thatP here isCDF,notPDF

—  Ifc? > c?_, the z; are nconsistentw ith standard nom alatthe 5% significance level

— Hmm,isthisright? W hatif P(c?)< 005 (iec? is an allerthan expected)?

— Answerdepends on context— alw ays think aboutw hether your test should be one-sided ortw o-sided !

c? is in portantbecause itcrops up as the “goodness of fit” statistic w e get in leastsquares,
m axim um -likelihood m odel fitting problem s (see later)



Sam ples and Populations

In the realw orld, allw e have are finite sam ples of data draw n from the nfinite (orvery large) parent
populations w hose statistical properties are described by PDF,CDF,m,s? etc

O ur cunentdefinitions of quantities like m ean, variance, expectation values are only elevantto the parent
populations (and assum e known PD F' ), buthow do w e estim ate such quantities firom an observed sam ple?

K ey idea:each data pointn the sam ple can provide an independentestim ate of the expectation value; so
the bestestim ate is Just the average of all these estin ates

— SampkM ean: 5

1
N, X
i=1

X =

— SamplkV adance:

-1

s?= - (X1i X)?
i=1
The denom mator is (N -1 )—notN — to ram ove the bias thatw ould othenw ise arise since w e're using the sam ple
mean in the sum (which w as itself estin ated from the data).
Apartfrom a factorN /(N -1), the handy form ula fiom before carries over
3 -3 -

' N o2+ <2
& S 20X

This isusefiil cause it's a one-pass algorithm forcalculating sam ple variance

— Sam ple estim ate of expectation value of f(x):

— , B
f=5 f£x)
=1

N ote that in general
f 6 f(X)



O ther M easuresofC entralTendency:
M ean,M edian and M ode

M ean
— Them ostcomm on m easure
— Fom ally: them ean is the centrodd of the PD F
— O pemtionally : the average value of x obtained from N random draw s convergestom asN

M edian:
— The Jocation w hich splits the area underthe PD F into tw 0 equalpieces;
— CanuseCDF todefinethisas

Px=median) =%

M ode:
— The single m ostlikely value
— Conesponds o the peak of the PD F, so w e can define this as

px=mode)=M ax[p(x) ]

— Note thatthis is notnecessarily equivalentto the condition dpdx = 0
P (x) could have m ore than onem axin um !



M ean,M edian & M ode (contd)

Symm etric distributions:
— mean=median =mode
A sym m etric distributions:
— mean>median > mode (if tail tow ards large x)

[
\ Centroid

Frequency density

+ \\
s \\\_

Mode [Median Mz2an

Figure Ilustraticn of rean, median and mode

B in odalorM ultim odalD istributions:
— mode stllgives Jocation of highestpeak
— expectm edian t lie closerto m ain peak than m ean

So ifw e're after the Jocation of them ain peak of a distribution, m ode and m edian can be preferable
the m ean since both are less sensitive to outliers!

— Exam ple 1:backgmund estim ation in crow ded field photom etry

— Example 2:cosn ic ray repcton by “m edianing” ofm ultple in ages

BUT
— M edian and M ode arem ore difficultto calculate (see below )
— Can show thaternors on m edian and m ode are larger than those on m ean



Estin atingM edian and M odeFrom Sam ples

M edian:
— Sortdata
— Then m edian is the value w hich has an equalnum berof values greaterand Jess than it; for
sorted x and N odd, thism eans

MedBan(X) = Xy +1)=2
— ForN even,them edian itis them ean of the two m iddle value

Xy=2FX(n=2)+1

M edian (x) = 5

M ode:
— Themode is them ostcom m on value
— M ay be non-unique (tw o equal sized peaks in PDF')
— M ayneed to bin & constmicthistogram if data is non-integer (or integerbutno recurring
values)
Butnote thatbinning is subjctive!



E rror Propagation

Suppose you have m easured tw 0 quantities U and vV ,w here the overline is
there t© r=m Ind us thatw hatw e have (usually ) really m easured is an estim ate
of the expectation value of the random variablesu and v.

Suppose furtherthatw e also have an estim ate of the enor (standard deviation)
s,and s, associated w ith these m easured values

How dow e use this nform ation to estim ate the expectation value (orperhaps
the m ostprobable value?) of the function f(u,v) and the associated enors . ?

Strictly speaking,w hatw e should do iswork outthe PDF of f(u,v) from the
PD Fsofu and v and take itfrom there

— see “Transformm ation of PD F's” fiom before, although would stillneed 1o generalize
to m ulbi=variable case

H ow ever, In practice, one often cheats!



E rror Propadgation (contd)

A pproxin ate the expectation value of fby

f(u;v) ' £@;v)

Taylorexpand f(u,v) aboutthe pomnt (U0 ;V)

f@iv) T £@v) ' £@v) 1 E@V) " (@1 W)y + (Vi D)

- _®
Now fiom the definition of variance, the variance of £is %; = (£ 1 £’

- ®
So fiom the Taylrexpansion (and replacing %2 = @i u)* anddito forv)
s - b

2 3 2 3 - 3 g
+ +f . — e —y o I
¥ & t+t% T +2huiu)vi Vi 3

3 1
2

gl
I+
<

2
f

Fmally let %32 = hui u)(vi v)i and allow forpossibility of additional variables

3 - 3 - 3 -3 -

This is the bestknow n form of the enor propagation equation
— You should rem em ber this!



E rror Propadgation (contd)

The quantity 5
u

¥, =hui w)wi v)i

is called the C ovariance ofu and v

Ifu and v are independent, then p(u )= p@U)p(v), ie.u doesn tcare aboutv and vice versa.
In thatcase 3; SV = (0 and the enorpropagation equation sim plifies to
3 - 3 -
2 2

+
"E Lt

32 2
4 T vty

1 andw e recover the fam iliar “enors add n

Example: ketfuy)=u+ v;then % =
quadrature” mlk )

I+ I+
< |+

Ifu,v.. aredirctly measured data points, the assum ption of independence isoften OK (but
you should alw ays think aboutit!).

How ever, ifu,v.. are param eters thatw ere them selves nferred friom a comm on data set
(eg.by m odel fitting ), then it's quite likely thattheir covariance w illbe non-zero!

W atch out!
W illocom e back to this lJater



E rror Propagation E xam pl:
D istances from Parallax M easurem ents

Relationship betw een parallax nt (in arcsecond) and distance d (in parsecs) isd = 1/=n
So given a parallax m easuram ent (w ith enor), w hat's the bestdistance estim ate (and its enor)? A ssum e parallax

Probability

Prebability

0.1

0.1

m easurem ents are nom ally distributed . 5
W ell, our enor propagation miles suggest thatw e take d= 1% and %a = %54
How does thatcom pare to the tme PD F ofd?
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L ikelihood

Inmodelling dataD w ih am odelM , the quantity of mterest is the probability
that the m odel is conrect, given the data

P (D P M
P p)= 2EEEE)

— P (D) isanom alization factor
— PM ) isthe “pror” (or“apror”) probability of the m odelM
— PO M) isthe “likelihood” (the data dependentpartof the righthand side)

P (M ) isoften alm osttotally unknow n (and disagreem entabout if and how to
treat itatheartof “B ayesian” vs “Frequentist!’ battles)

Focus on the likelihood mstead, ie.m axin ize the probability thatw e should
have obsarved the data, gwwven ourm odel



Least Squares

Consider modelling a dataset of N points, y;,
each of gaussian distribution with standard

deviation o;.

The model 7 is a function of variables x and

model parameters a.

Then the likelihood

.~ 1 (i — B:)?
P(DIM) =11Y W ——— | .
(D|M) i—1 [ o exp 2072

Taking logs,

~ 2

_{'I..T
Wi — Ui
log P(D|M) =C =Y %
t=1 ¢

Maximise likelihood by minimising

N y ﬁ 2
2 I ¢ )
=y (42

1=1

Minimise by optimising model parameters a.



Linear Least Squares

Minimum y? = dy?/0a; = 0 for all a3, k =1
to N, thus

N . -
Z Yi — Ui dyi —0
o2 Oay,

1=1 $
If 4 depends linearly on the a; so that

gi = Xj(xi)a; /

(suffix convention) then

5~ (y —ij(xi)ﬂj) Xie(xi) = 0

: a:
i=1

1

equivalent to the matrix equation Aa=D>b

where
h:'
X (%) X (x;)
A = o2 :
i=1 i \
and

ﬂ:"
X (%)
IIJ;: — E T
=1 i

These are called the normal equations.

Suffix convention: sum over repeated
indices is implied

Important: Can show that A-1is equal
to the covariance matrix C, where

— 32
Ci3 = 435

i.e. diagonal elements of C are the
variances of the parameters, off-
diagonal elements are covariances!

Very useful and important for
estimating errors on fit parameters and
quantities inferred from fit parameters




y? & Goodness-of-Fit

The sum of the squares of N independent
gaussian variables follows the y? distribution

with N degrees of freedom.

In a linear least-squares fit of M paramaters to
N points the minimum y? is distributed as -

2
X
of N — M degrees of freedom. /

Since for a gaussian variable z, (:r?> =1, in

linear least-squares we expect:

‘{X2>=N—M‘

Example: Fit a parabola to 10 data points,
obtain x2;, = 18.5. Is this a good fit?

3 coeflicients are needed to define a parabola.

Look up percentiles of yv? for 7 d.o.f..
Find x2 > 18.5 only 1% of the time.

N-M degreesof fireedom , mtherthan
N , forsam e reason thatwehad N —1
(atherthan N ) n denom inatorof
sam ple variance estin ate.




M odelF itting and E rror Propagation :
The C ovariance StrikesBack

Y ou have obtained a spectmum thatocontains an em ission line (say H a ) and now w antan estin ate of the
continuum flux (and its enor) rightundemeath the line peak (atl = 6563 A ngstrom s).

Fita straightlne f=m 1 + b t suitable continuum w indow s, yieldingm and b, along w ith their
standard deviations.

How do you estim ate the enroron £, = f(1 = 6563)?
Tem pting 1o assum e thatm and b are iIndependent, .n w hich case enror propagation yields %EH o = %f, + . Z%Iﬁ

Inferred Error on Predicted Flux at Hx b U nbmlna-e:y, -&le E&l]ﬂrlg em)r

e et e / estim ate is seriously w rong
(overestin ated ), becausem and b are
strongly cornelated !

a0 —

40 —

Henled Fluz (arbitrery anits)

. L . . L L
8200 B400 8800 8800 O
Wavelength (&)



M odelF itting and E rror Propagation :
The C ovariance StrikesBack (contd)

So how can w e do better?

1)W e could explicitly account forthe conelation by calculating the covariance m atrix (ie.the nverse of the
m atrix A thatappears in the nom alequations)

2) Easierw ay : consider the off-diagonal elem ents of A . Iffw e could arrange things such thatthese are all zero, then
the covariance betw een slope and interceptw ould be zero!

NPar
Rem em berthat forany lnearmodely = a;fi(x)
L S the elem ents of A are given by =1
Inferred Error on Predicted Flux at Ha A
80 - Ignoring Correlation Between N N Pata fi (xk )f (Xk )
Slope and Intercept A 5 = J
i J 3{1 ]3

k=1

After Removing Correlation
Betweoeon Slope and Intercept

Now fora straightlne fity =mx + b,we have
f]_ = xXx and f2 =1

The off-diagonal elem ents are then sin ply

NP:ta s
App=Ar = Xy =4,

demled Flux (arbitrery units)

20 -

But (m odulo a constant factor) this is jistthe w eighted
average of x (orl in ourexam plk)!!!

seae B wmﬁngff ﬁ, Fee oo So ifwe shiftthex (orl)valies o zemw (Weighted)m ean
before the fit, that slope and interceptw on “tbe conelated !




